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In an (Anti-) de Sitter space and a charged black hole the Schwinger effect 
is either enhanced by the Hawking radiation or suppressed by the negative 
curvature. We use the contour integral method to calculate the production 
of charged pairs in the global (A)dS space. The charge emission from near¬ 
extremal black hole is found from the AdS geometry near the horizon and 
interpreted as the Schwinger effect in a Rindler space with the surface gravity 
for the acceleration as well as the Schwinger effect in AdS space. 
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1. Introduction 

A charged Reissner-Nordstrom (RN) black hole emits not only the Hawking 
radiation of all species of particles due to the horizon but also the Schwinger 
emission of charged particles due to the electric field near the horizon, and 
thus provides an arena where one may explore the intertwinement between 
quantum electrodynamics (QED) and quantum aspect of black holes. The 
pair production by a uniform electric field in an (A)dS space also exhibits 
the interplay between QED and quantum gravity effect. As summarized in 
Eig. 1, vacuum fluctuations produce pairs from the vacuum and the hori¬ 
zon of a black hole or dS space and the electric field physically separate 
pairs. The black hole radiation has a thermal distribution with the Hawk¬ 
ing temperature as a Unruh temperature with the surface gravity on the 
horizon. ^ Cai and Kim show that the Schwinger effect in the (A)dS space 
has also a thermal interpretation with a Unruh temperature of accelerating 
charges in that space. ^ Using the geometry AdS 2 x S^ near the horizon of 
a near-extremal black hole, Chen et al have explicitly found the Schwinger 
effect from the charged black hole.^’^ 

In this paper, after briefly reviewing the recently introduced contour 
integral method,^ we apply it to the pair production by a uniform elec- 
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trie field in the global (A)dS2 geometry. Then, using the near-horizon 
geometry AdS2 x of a near-extremal black hole, we find the Schwinger 
effect from the charged black hole and propose a thermal interpretation of 
the charge emission.®’^ ^tie in-in formalism, the quantum field theory is 
extended to the complex plane of time or space and the out-vacuum trans¬ 
ported along a loop starting from the past infinity is distinguished from 
the in-vacuum by simple poles of the frequency or momentum in the back¬ 
ground spacetime and/or electromagnetic field.® Hence, particle production 
is characterized and determined by polons, that is, contour integrals of all 
homotopy classes of winding number one encircling poles. Differently 
from the planar coordinates without any finite pole, a massive scalar field in 
the global coordinates has simple poles both at the north and south pole of 
the global geometry, whose contributions interfere and result in the Stokes 
phenomenon of the dS radiation depending on the spacetime dimension.® 
It is investigated whether the Schwinger effect may have such a Stokes phe¬ 
nomenon in the global dS2 geometry. The holographic Schwinger effect is 
also studied in the dS space and AdS space. 


2. Pair Production via Contour Integrals 

In the functional Schrodinger picture and the in-in formalism, the in¬ 
vacuum in the past infinity evolves to the future infinity and return to 



Fig. 1. The Schwinger effect and the Gibbons-Hawking radiation in dS from quantum 
fluctuations. The temperature for the Unruh effect in (A)dS 2 is Tgff = sj Ty + 
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the past infinity, which gives the mean number of pairs® 


■A/'^c= |^(0.,in|0«,CyV 

,7 


e ^7 

.1 


( 1 ) 


Here, the quantum evolution is extended to the complex plane and 
denotes distinct contours of winding number one. For instance, the global 
dS geometry has simple poles not only at infinity but also at the north and 
south poles, which contribute constructively or destructively depending on 
whether the spacetime dimension is even or odd.® On the other hand, the 
planar dS space has the simple pole at infinity only and has a nondestructive 
radiation with the Gibbons-Hawking temperature. A physical reasoning 
may be that the propagator and hence the Hyugens principle exhibits a 
different nature. In the in-in formalism, the scattering matrix between 
the in-vacuum and another in-vacua tranported along contours Cj of all 
winding numbers gives the vacuum persistence 


2Im£eff = ± ^|^^ln((0„,in|0.,4”V) 

K J n 


±^ln(l±A4), (2) 

K 


where the upper (lower) sign is for scalar (spinor) QED and the mean 
number Mk is determined by the contours of winding number one in Eq. 
( 1 ). 


3. Schwinger Effect in (A)dS 

The production of charged pairs by a uniform electric field in a dS space 
exhibits both the Schwinger effect and the Gibbons-Hawking radiation 
as shown in Fig. I.^®d4 AdS space confines virtual pairs and lim¬ 
its the Schwinger pair production through the Breitenlohner-Friedman 
bound. ^d4,15 .^g consider the Schwinger effect in the two-dimensional 

global dS geometry 

ds^ = —dt^ + cosh^ {Ht)dx^, (3) 

and in the uniform electric field with a vector potential Ai = 
—Esva\i{Ht)/H. We distinguish the weak-field limit {qE <C H^/2) from 
the strong-field limit {qE ^ iJ^/2), in which the pair production has dif¬ 
ferent characteristics. 

First, we consider the weak-field limit (7 > 0, A > 0 below). Following 
Ref. 8 , a charged scalar has the time-dependent frequency 

(Ag)^ 

cosh^(gt) ’ 


cc2(t) = (7i/)2 + 


( 4 ) 
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where 



The frequency (4) has two poles at r = ±iTr/{2H) corresponding to the 
north and south pole of the global geometry, which lead to the so-called 
Stokes phenomenon of dS radiation. ® As will be shown below, the Schwinger 
effect has also the Stokes phenomenon in the weak-field limit. Let us intro¬ 
duce a conformal transformation 2 ; = and restrict to a single Riemann 
sheet. Then, the contour integral takes the form 

^ u}{t)dt =-f ^J{z- zi)(z - zl){z - Z2){z - zl), ( 6 ) 

where 



The integrand has finite simple poles at z = iLi corresponding to the north 
and south pole of the global geometry and another simple pole from z = 00 . 
The residues at 2 : = ±i take the opposite signs due to the branch cuts. 
Summing over four distinct contours of winding number one, we obtain 
from Eq. (1) 

TVds = -b 2 -h = 4cos2(7rA)e-2’^T'. (8) 


The oscillatory factor is the characteristic of the Stokes phenomenon. 

Second, in the strong field limit (7 > 0, A > 0) the integrand has differ¬ 
ent roots 



Then, the mean number of pairs from four distinct contours, for instance 
Fig. 2 , is given by 

Mas = + 2 + = 4cosh^(7rA)e-^^'^. ( 11 ) 

The mean number (11) is consistent with the exact result from the Bogoli- 
ubov transformation using the exact solution. 
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Fig. 2. The frequency (6) for a charged scalar in a uniform electric field and the global 
dS 2 has two pairs of branch cuts in the complex plane and a pair of simple poles at 
2 = ±2 and another simple pole at 2 = oo. The contour includes both poles 2 = diz, 
whose residues sum vanishes but receives a contribution from z = oo. 


Finally, a charged scalar in the global AdS geometry 

ds^ = — cosh^ {Kx)dt‘^ + dx^, (12) 

and in a vector potential Aq = —£'sinh(Ara;)/A" for the uniform electric 
field has the momentum 


where 


q'^{x) = (7AdsA:)^ 


jXAdsK)^ 
cosh^(Ara::) ’ 


(13) 



As for the dS space, four distinct contours contribute to the mean number 
A/AdS = 4 sinh^ (7rAAds)e“^’''^*‘^® ■ (15) 


4. Schwinger Effect in Near-Extremal Charged Black Hole 

The near-extremal black hole has the near-horizon geometry ^4 

+ p2 ^ ^2 + Q^dnl, (16) 

where the coordinates are stretched as p = (r — Q)le,T = et and the 
deviation of the charge from the mass is measured as M — Q = {eB)^/{2Q). 
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The Coulomb potential is Aq = —pjQ on the horizon. The geometry (16) 
is the planar coordinates of AdS 2 x S^. The radial momentum for the 
spherical harmonic Yim and energy w is given by 

^ J[qp - wQ) 2 Q 2 - (m 2 Q 2 + {I + 1 / 2 ) 2 ) (^2 _ 52 ) 

5(p) = J ^ ^- dp. (17) 

Note that pairs are produced when the BF bound {Q < l/q) for AdS is 
violated. ^ Taking a contour of figure eight counterclockwise enclosing p = B 
and p = —B gives the leading term M = whereas the exact 

formula from the field equation is given by^’^ 


M 


g-(S„-56) _ g-(5a+56) 
_|_ g —(Sa+Sb) 


/l_e-(5c-5„)\ 

1 + e-(Se-5b) y 


(18) 


where 


Sa 


2TrqQ, Sb 



5c = 27r^Q^ (19) 

JD 


Interestingly, the mean number of emitted particles consists of three 
parts, the Boltzmann amplification factor, the Schwinger effect in AdS 2 , 
and the Schwinger effect in a two-dimensional Rindler space: 


"I 

J\f = e ^cK X 


JcK — e 


rcK (1 — e 


-gA(rii) ' 




>. ( 20 ) 


Here, fh = yjvn?- -I- (/ -I- Th is the Hawking temperature, and 

Tck and Tck are the effective temperature in AdS 2 introduced by Cai and 
Kim^ 

Tck = r„ + y - {^)\ fcK = T„ - y - (^)f (21) 

where T\j = q/{2'irfhQ) is the Unruh temperature for charge accelerated 
by the electric field on the horizon. The Schwinger effect and vacuum 
persistence in the Rindler space has been first calculated by Gabriel and 
Spindel. 
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